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IN A R O T A T I O N A L  M I X E R  

A.  V. K o s t e r i n ,  A.  A.  A l e k s a n d r o v s k i i ,  UDC532.135 
a n d  V. F .  S h a r a f u t d i n o v  

The flow of a v i scoe las t i c  liquid f i lm in a field of centr ifugal  fo rces  was studied within the f r a m e -  
work  of the Oldroyd model.  

w Let  us examine the prob lem of flow of an anomalously v iscous  liquid along the inner surface of a 
rapidly rotat ing cone (Fig. 1) which is r igidly connected to a reading sys tem.  

Exper iments  show that the steady flow of composit ions based on cer ta in  po lymer ic  mate r ia l s  is not a l -  
ways possible .  It is highly probable that this fact  is associa ted  with the e las t ic  p roper t i e s  of the  medium. It 
is expedient  in the analysis  of the indicated slow flow to make use  of a d i f ferent ia l  type theological  model [1]. 
One of the s imples t  models  of this type that desc r ibes  var ious  media is the Oldroyd model [2]. It has a fo rm 

(o, o~h + ~t 8~ = 21~ k + ~ 8Di~ '~ 8t %7-/' (1) 

where  aik and Dik a re  the components of the s t r e s s  devia tor  and of the deformat ion rate  t ensor ,  respec t ive ly ,  
while 5/5t is the t ensor  opera to r  of the der ivat ive  with r e sp ec t  to t ime. 

Various such ope ra to r s  a re  known. The mos t  successful  is the Jaumann opera tor  because it  converts  a 
symmet r i ca l  t ensor  to an t i symmet r ica l  [3]. 

Thus ,  suppose 

6t - a t  + Vz axi - -  ( ~ 1 7 6  mim~ ' (2) 

where  vJ and 00kin =t/2(VmVk - VkV m) are  components of the veloci ty vec to r  and of the an t i symmet r ica l  pa r t  
of the veloci ty  g rad ien t ,  respect ively .  

The use of the tensor  der ivat ive with r e sp ec t  to t ime is necess i ta ted  by the p resence  of large de fo rma-  
tions in the indicated blow. 

w The cha rac t e r i s t i c  fea tures  of the problem can be natural ly  divided into two groups. The f i r s t  is 
associa ted  with the p roper t i e s  of the medium: 1 >> X 1 > ~2 - 0, and the v iscos i ty  ~ is sufficiently high. The s ec -  
ond is st ipulated by the regime of the p roces s  [4]: V1 >> V2, V3 ~ 0, and a /0x  3 ~ 0. 
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Fig. 1. Schematic represen ta t ion  of liquid 

flow in a conical ro tor .  
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Fig.  2. 
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Rheo logy  a t  v a r i o u s  va lues  of  p a r a m -  

e t e r  a. 

Le t  V be the c h a r a c t e r i s t i c  p ro j ec t i on  of  ve loc i t y  on the g e n e r a t r i x ,  and L is the c h a r a c t e r i s t i c  s ize  of  
the cone.  Le t  us  suppose  that  

~ , v  <<~. (3) 
L 

The indica ted  f e a t u r e s  of the p r o b l e m  toge the r  with the def ini t ion (3) p e r m i t  the s impl i f i ca t ion  of  Eq. (1). In 
o r d e r  to do t h i s ,  it  i s  su f f i c i en t  to eva lua te  the o r d e r s  of  m a g n i t u d e s  in th i s  equat ion.  A s  a r e s u l t ,  f or  the 
s teady  s ta te  we wil l  have 

G~ - -  X l (%r~ 7 + ~im~) = 2~ [Di~ - -  ~2 (%mD~ + ~ )l" (4) 

Here  and f u r t h e r  on,  the phys i ca l  componen t s  of  t e n s o r s  p lay  a par t .  I n a s m u c h  as  wi3 = - w 3 i  = 0,  the r e l a t i o n -  
ship (4) i s  equ iva len t  to the f o l l o w i n g  s y s t e m  of  e q u a l i t i e s :  

{ ~ii - -  2~t~n~t2 = 2~t (Dit - -  2L2r 

o'2~ -~ 2~,tr = 21~ (D~ + 2~r ), 

~t~ + ~,ir (~l~ - -  c~z~ ) = 2~ [Dt~ + ~,zr (D~--  Dz~)]. 

Le t  us  now s u b t r a c t  the second  e q u a l i t y f r o m t h e f i r s t a n d  subst i tu te  into the th i rd .  We then obtain 

~ 2~Diz (1 @ 2pxot2 (X2-- ~t ) (Di t - -  Din). %2 (1 + 4~ l r = + 4~i~r 

In this  equal i ty  the va lues  wl2 and D12 a r e  of  the s a m e  o r d e r ,  and I(Xz - Xl)(Dll - D22)t << 1 by v i r tue  of  (3). 
F ina l ly ,  t h e r e f o r e ,  we wil l  have 

Z -~ az  3 
y - _ _ ,  (5) 

1 + z  2 

w h e r e  

y=~iaiz/~t, z = ~ i  OV, 
Ox ~ ~ 0, a =  ~2/~r 

w Le t  us ana lyze  the funct ion (5). We have 

gs = (1,-k z2) -2 [az ~ 2_ (1--3a) z 2 + 11, 

Yz~ = ( l +  z2)-3 2 z O - - a )  (z2-- 3). (6) 

A s imple  inves t iga t ion  r e v e a l s  tha t  at  0 -< a < 1/9 a r e a l  solut ion z 1 of equat ion y~ = 0 ex i s t s ,  whereupon  y~z(Zl) < 
0 (Fig. 2). The ef fec t ive  v i s c o s i t y  at  point  zl b e c o m e s  z e r o ,  and at ce r t a in  z > z 1 it is nega t ive ,  which has  no 
phys i ca l  meaning .  The s teady state  is p robab ly  d i s rup t ed  at this point.  

T h u s ,  at  0 -< Xz/X 1 < 1/9 the Oldroyd  mode l  d e s c r i b e s  s teady s ta te  only when 0 -< z -< z i. 

F u r t h e r m o r e ,  if 1/9 -< a < 1, then the funct ion y(z) d e s c r i b e s  the en t i r e  Oswald curve  [5]. Le t  us note 
tha t  the va lues  0 and 1 c o r r e s p o n d  to the Maxwell  mode l  and the Newtonian fluid,  r e spec t ive ly .  

w Let  us find the ve loc i ty  d i s t r ibu t ion  and the equat ion for  de t e rmin ing  f i lm th ickness .  F o r  s imp l i -  
c i t y ' s  s ake ,  le t  us  examine  the case  a = 0. 
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The equations for  motion under  s t r e s s  for  the examined  p rob lem a re  eas i ly  in tegra ted  [4]. 

where  F 1 = a,2Rsine - g cos e. 

F r o m  (5) and (7) it  follows that  

0V___~ = 1 
Ox2 ~'l 

where  A = D/2AlpF 1. 

~,z - -  pF, (8 o --x'~), 

A 

6 o - -  x 2 

A " 2 

F u r t h e r ,  upon in tegra t ing (8) taking the l imit ing condition Vl(x 1, 0) = 0 into account,  we will have 

We find the f i lm th ickness  60 f r o m  the condition of constant  de l ive ry  

5o 
2~ ,f Rgtdx~ =: q' 

0 

o r  

, , + _ 

I t  is in te res t ing  to find the value of Rma  x below which it is poss ib le  to have s teady flow. 

F r o m  (5)-(7) we find that  al2max = f~/2;~l, 60/A = 1, and f r o m  (9) we obtain 

In pa r t i cu l a r ,  

(7) 

n (4-- n) ~2 
Rmax ----- 8p~.~ ~4q sin 2 {} 

(8) 

2rip (9) 
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N O T A T I O N  

is the s t r e s s  t en s o r  dev ia to r ;  
is the deformat ion  ra t e  t ensor ;  
a r e  the re laxa t ion  t i m es ;  
is the v i scos i ty  coefficient;  
a r e  the veloci ty  components ;  
is the f i lm th ickness ;  
is the ha l f -cone  angle; 
is the d is tance  f r o m  the axis to cone genera t r ix .  

1. 

2.  

3. 
4. 
5. 

L I T E R A T U R E  C I T E D  

C. T ruesde l l  (editor),  Continuum Mechanics:  Vol. 2, Rat ional  Mechanics of Mate r i a l s ,  Gordon and Breach  
(1965). 
Rheology (Theory and Supplement) [Russian t rans la t ion] ,  IL ,  Moscow (1962). 
L. I. Sedov, "Unders tanding var ious  r a t e s  of t ensor  c h a n g e s , '  Pr iM. Mat. Mekh., 24, No. 3 (1960). 
T ransac t ions  of the Seminar  on the Regional  P r o b l e m s  [in Russ ian] ,  KU, Kazan ' ,  No. 12 (1975). 
M. Re ine r ,  Rheology [in Russ ian] ,  Moscow (1965). 

166 


